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1 x3y + xy3 − xy = 1 に制限した f(x, y) = x3 + y3 +
3

2
x2 +

3

2
y2 + 2xy が点 (1, 1) で極値

をとるかどうか調べよ．

2 次の積分を求めよ．

(1)

∫ 2

−1

{∫ x2

2x−1

(2x− y)dy

}
dx

(2)

∫ 3

2

(∫ x2

x−1

x

y
dy

)
dx

(3)

∫ 2

0

(∫ 1

x
2

y2e−y4dy

)
dx （順序変更）

(4)

∫ ∫
D

y

x3
dxdy

(
D : 1 <= x2 + y2 <= 4, −

√
3x <= y <=

x√
3

)
(5)

∫ ∫
D

x(8x− 7y)dxdy (D : x <= x2 + y2 <= 1, x >= 0, y >= 0)



1

f(x, y) = x3 + y3 +
3

2
x2 +

3

2
y2 + 2xy より

　　　 fx(x, y) = 3x2 + 3x+ 2y, fy(x, y) = 3y2 + 3y + 2x

　　　 fxx(x, y) = 6x+ 3, fyy(x, y) = 6y + 3, fxy(x, y) = 2

また，g(x, y) = x3y + xy3 − xy − 1 とおくと

　　　 gx(x, y) = 3x2y + y3 − y, gy(x, y) = x3 + 3xy2 − x

　　　 gxx(x, y) = 6xy, gyy(x, y) = 6xy, gxy(x, y) = 3x2 + 3y2 − 1

(x, y) = (1, 1) のとき

　　　 fx = 8, fy = 8, gx = 3, gy = 3

より，Lagrange の未定乗数 λ は λ =
8

3

さらに

　　　 fxx − λgxx = 9− 8

3
· 6 = −7, fyy − λgyy = 9− 8

3
· 6 = −7, fxy − λgxy = 2− 8

3
· 5 = − 34

3

であるから

　　　D(1, 1) =

∣∣∣∣∣∣∣∣∣∣
0 3 3

3 −7 − 34

3

3 − 34

3
−7

∣∣∣∣∣∣∣∣∣∣
= −78 < 0

　...　 f(1, 1) = 7：極小値
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(1)

∫ 2

−1

{∫ x2

2x−1

(2x− y)dy

}
dx =

∫ 2

−1

[
2xy − 1

2
y2
]y=x2

y=2x−1

dx

=

∫ 2

−1

[(
2x3 − 1

2
x4

)
−
{
2x(2x− 1)− 1

2
(2x− 1)2

}]
dx

=

∫ 2

−1

(
− 1

2
x4 + 2x3 − 2x2 +

1

2

)
dx

=

[
− 1

10
x5 +

1

2
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3
x3 +

1

2
x

]2
−1

=

(
− 16

5
+ 8− 16

3
+ 1

)
−
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1

10
+

1

2
+

2

3
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2

)
= − 3
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(2)

∫ 3

2

(∫ x2

x−1

x

y
dy

)
dx =

∫ 3

2

[
x log y

]y=x2

y=x−1
dx

=

∫ 3

2

{2x log x− x log(x− 1)}dx

=

[(
x2 log x− 1

2
x2

)
−
{

1

2
(x2 − 1) log(x− 1)− 1

4
(x+ 1)2

}]3
2

= (9 log 3− 4 log 2)− 1

2
(9− 4)− 1

2
(8 log 2− 3 · 0) + 1

4
(16− 9)

= 9 log 3− 8 log 2− 3

4



(3) 積分領域は

D : 0 <= x <= 2,
x

2
<= y <= 1

であるが，これは

D : 0 <= y <= 1, 0 <= x <= 2y

でもあるから∫ 2

0

(∫ 1

x
2

y2e−y4dy

)
dx =

∫ 1

0

(∫ 2y

0

y2e−y4dx

)
dy

=

∫ 1

0

[
xy2e−y4

]x=2y

x=0
dy

=

∫ 1

0

2y3e−y4dy

= − 1

2

∫ 1

0

e−y4 · (−4y3)dy

= − 1

2

[
e−y4

]1
0

= − 1

2

(
1

e
− 1

)
=

1

2

(
1− 1

e

)

O x

y

2

1

(4)

{
x = r cos θ

y = r sin θ

(
r >= 0

θ：1 周分

)
　とおくと

∫ ∫
D

y

x3
dxdy

(
D : 1 <= x2 + y2 <= 4, −

√
3x <= y <=

x√
3

)
=

∫ ∫
D′

r sin θ

r3 cos3 θ
· rdrdθ

(
D′ : 1 <= r <= 2, − π

3
<= θ <=

π

6

)
=

∫ ∫
D′

1

r
· sin θ

cos3 θ
drdθ

=

(∫ 2

1

1

r
dr

)
×

(∫ π
6

− π
3

tan θ · 1

cos2 θ
dθ

)

=
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]2
1
×
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1

2
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6

− π
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= (log 2− 0)× 1

2

(
1

3
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)
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3
log 2

O 1 2 x

y

※
∫ π

6

− π
3

sin θ

cos3 θ
dθ = −

∫ π
6

− π
3

(cos θ)−3 · (− sin θ)dθ = −
[
− 1

2
(cos θ)−2

] π
6

− π
3

=
1

2

(
4

3
− 4

)
= − 4

3

でもよい．



(5)

{
x = r cos θ

y = r sin θ

(
r >= 0

θ：1 周分

)
　とおくと∫ ∫

D

x(8x− 7y)dxdy (D : x <= x2 + y2 <= 1, x >= 0, y >= 0)

=

∫ ∫
D′

r cos θ(8r cos θ − 7r sin θ) · rdrdθ
(
D′ : 0 <= θ <=

π

2
, cos θ <= r <= 1

)
=

∫ ∫
D′

r3 cos θ(8 cos θ − 7 sin θ)drdθ

=

∫ π
2

0

{∫ 1

cos θ

r3 cos θ(8 cos θ − 7 sin θ)dr

}
dθ

=

∫ π
2

0

[
1

4
r4 cos θ(8 cos θ − 7 sin θ)

]r=1

r=cos θ

dθ

=

∫ π
2

0

1

4
(1− cos4 θ) cos θ(8 cos θ − 7 sin θ)dθ

=
1

4

∫ π
2

0

[
8(cos2 θ − cos6 θ) + 7{cos θ · (− sin θ)− cos5 θ · (− sin θ)}

]
dθ

=
1

4

{
8

(
1

2
· π

2
− 5 · 3 · 1

6 · 4 · 2
· π

2

)
+ 7

[
1

2
cos2 θ − 1

6
cos6 θ

] π
2

0

}

=
1

4

[
3

4
π + 7

{
1

2
(0− 1)− 1

6
(0− 1)

}]
=

3

16
π − 7

12

O 1 x

1

y

θ


