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行列の対角化
A：n 次正方行列
λ1, . . . , λn：A の固有値
p1, . . . , pn：それぞれ λ1, . . . , λn に対する A の固有ベクトル
このとき

Ap1 = λ1p1, . . . , Apn = λnpn

なので P = (p1 · · · pn) とおけば P は n 次正方行列で

AP = (Ap1 · · · Apn) = (λ1p1 · · · λnpn) = P




λ1 0. . .

0 λn




よって，P が正則ならば P−1 を左からかけて

P−1AP =




λ1 0. . .

0 λn




例（前回の例に関連）

(1) A =

(
1 2

3 2

)
λ = −1 …

(
1

−1

)
, λ = 4 …

(
2

3

)

P =

(
1 2

−1 3

)
とおくと P−1AP =

(
−1 0

0 4

)

(2) A =




4 −1 −2

2 1 −2

1 −1 1


 λ = 1 …




1

1

1


 , λ = 2 …




1

0

1


 , λ = 3 …




1

1

0




P =




1 1 1

1 0 1

1 1 0


 とおくと P−1AP =




1 0 0

0 2 0

0 0 3




(3) A =



−3 −2 −2

2 1 2

2 2 1


 λ = 1 …




1

−1

−1


 , λ = −1（2 重解）…




1

0

−1


 ,




0

1

−1




P =




1 1 0

−1 0 1

−1 −1 −1


 とおくと P−1AP =




1 0 0

0 −1 0

0 0 −1




確認

(1) P−1 =
1

5

(
3 −2

1 1

)
（p.8 参照）なので

P−1AP =
1

5

(
3 −2

1 1

)(
1 2

3 2

) (
1 2

−1 3

)
=

1

5

(
3 −2

1 1

)(
−1 8

1 12

)
=

(
−1 0

0 4

)

1
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(2) (P | E) =




1 1 1 1 0 0

1 0 1 0 1 0

1 1 0 0 0 1




R2−R1
R3−R1−→




1 1 1 1 0 0

0 −1 0 −1 1 0

0 0 −1 −1 0 1




−R2
−R3−→




1 1 1 1 0 0

0 1 0 1 −1 0

0 0 1 1 0 −1


 R1−R2−→




1 0 1 0 1 0

0 1 0 1 −1 0

0 0 1 1 0 −1




R1−R3−→




1 0 0 −1 1 1

0 1 0 1 −1 0

0 0 1 1 0 −1


 ... P−1 =



−1 1 1

1 −1 0

1 0 −1




P−1AP =



−1 1 1

1 −1 0

1 0 −1







4 −1 −2

2 1 −2

1 −1 1







1 1 1

1 0 1

1 1 0




=



−1 1 1

1 −1 0

1 0 −1







1 2 3

1 0 3

1 2 0


 =




1 0 0

0 2 0

0 0 3




(3) (P | E) =




1 1 0 1 0 0

−1 0 1 0 1 0

−1 −1 −1 0 0 1




R2+R1
R3+R1−→




1 1 0 1 0 0

0 1 1 1 1 0

0 0 −1 1 0 1




R1−R2−→




1 0 −1 0 −1 0

0 1 1 1 1 0

0 0 −1 1 0 1


 −R3−→




1 0 −1 0 −1 0

0 1 1 1 1 0

0 0 1 −1 0 −1




R1+R3
R2−R3−→




1 0 0 −1 −1 −1

0 1 0 2 1 1

0 0 1 −1 0 −1


 ... P−1 =



−1 −1 −1

2 1 1

−1 0 −1




P−1AP =



−1 −1 −1

2 1 1

−1 0 −1






−3 −2 −2

2 1 2

2 2 1







1 1 0

−1 0 1

−1 −1 −1




=



−1 −1 −1

2 1 1

−1 0 −1







1 −1 0

−1 0 −1

−1 1 1


 =




1 0 0

0 −1 0

0 0 −1



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